Weyl semimetals possess unique electrodynamic properties due to a combination of strongly anisotropic and gyrotropic bulk conductivity, surface conductivity, and surface dipole layer. We explore the potential of popular tip-enhanced optical spectroscopy techniques for studies of bulk and surface topological electron states in these materials. Anomalous dispersion, extreme anisotropy, and the optical Hall effect for surface polaritons launched by a nanotip provides information about Weyl node position and separation in the Brillouin zone, the value of the Fermi momentum, and the matrix elements of the optical transitions involving both bulk and surface electron states.
A number of recent studies have suggested that Weyl semimetals (WSMs) should have highly unusual optical response originated from unique topological properties of their bulk and surface electron states; see e.g. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and references therein. Their optical response can be used to provide detailed spectroscopic information about their electronic structure which could be difficult to obtain by any other means. Furthermore, inversion or time reversal symmetry breaking inherent to WSMs makes their optical response strongly anisotropic and/or gyrotropic, enables strong optical nonlinearity, creates anomalous dispersion of normal electromagnetic modes, breaks Lorentz reciprocity, and leads to many other optical phenomena of potential use in new generations of the optoelectronic devices.
In a recent paper [10] , we investigated general optical properties of Type I WSMs. Starting from a class of microscopic Hamiltonians for WSMs with two separated Weyl nodes ( [14, 15] ), we obtained both bulk and surface electron states, derived bulk and surface conductivity tensors, and described the properties of electromagnetic eigenmodes.
Here we focus on one of the most popular and convenient ways to study the properties of novel materials by optical means: a tip-based optical spectroscopy, in which a tip brought in close proximity to the material surface is illuminated with laser light and the linear or nonlinear scattered signal is collected. Strong near-field enhancement at the tip apex may overcompensate the decrease in the volume of the material where light-matter interaction occurs [16, 17] . This technique can provide information about surface states and carrier dynamics with about 10 nm spatial and 1 fs time resolution [17] . Even more importantly in the context of this paper, nanoscale concentration of the incident light at the tip apex relaxes the optical selection and momentum matching rules. In particular, it allows one to launch various kinds of surface polariton modes which provide valuable information about the properties of both bulk and surface electron states.
We use the microscopic model of the optical response of Type I WSMs developed in [10] to predict and describe theoretically the properties of surface polaritons (SPs) launched by a nanotip. We show extreme anisotropy and gyrotropy in SP radiation pattern originated from Weyl node separation and determined mainly by highly anisotropic surface current and surface dipole layer. We demonstrate anomalous dispersion and extreme sensitivity of SP anisotropy to the frequency of light and Fermi momentum, which makes them a sensitive diagnostics of Fermi arc surface states and may form the basis of efficient light modulators and switches. Fig. 2 . A laser beam either illuminates the apex directly (e.g. [18] ) or excites SPs on the surface of a gold tip via grating, as indicated in the figure [16, 17] . In the latter case, gold surface plasmon-polaritons propagate to the apex, experiencing strong adiabatic amplification of the field intensity as they reach the apex [16, 19] . Either way, excitation of SPs on a WSM surface is concentrated under the tip within a spot of ∼ 10 nm. In the linear excitation regime, the frequency spectrum of SPs coincides with the spectrum of an incident laser pulse, whereas the spatial spectrum is extremely broadband, with a cutoff around 10 7 cm −1 . The SPs propagate away from the tip, forming a strongly anisotropic radiation pattern which depends on the Weyl node position and separation and the Fermi momentum. They can be detected (converted into an outgoing EM wave) with another tip, a grating, a notch, etc.
For the most sensitive diagnostics of the electronic structure of WSMs, the frequency of the probing light should be of the order of ω ∼ v F b, where 2b is the distance between Weyl nodes in momentum space along k x ; see the electron bandstructure plot in Fig. 1 of [10] . In all numerical examples in the paper we assume for definiteness thathv F b = 100 meV, so the incident laser light should be in the mid-infrared range. However, the formalism presented in the paper is general and does not depend on the choice of incident frequencies as long as the latter are low enough, so that the interband transitions to electron states in remote bands can be neglected. The remote states have a trivial topology and they are not of interest to this study.
The Hamiltonian of a WSM with two separated Weyl nodes breaks time-reversal symmetry, which is expected for WSMs with magnetic ordering, e.g. pyrochlore iridates [20] , ferromagnetic spinels [21] , and Heusler compounds [22] . As we showed in [10] , the tensors of both bulk and surface conductivity for Type I WSMs with time-reversal symmetry breaking have a structure corresponding to a biaxial-anisotropic and gyrotropic medium:
where the Weyl points are on the k x axis, σ B,S zy = −σ B,S yz , and superscripts B and S denote bulk and surface conductivity elements, respectively. We add background dielectric constant ε b due to transitions to remote bulk bands, assuming it to be isotropic and dispersionless at low frequencies, so that the total bulk dielectric tensor is ε mn (ω) = ε b δ mn + 4πiσ B mn /ω. The surface conductivity is due to optical transitions between different electron surface states (often called "Fermi arc states", although they exist for all momentum states within
2 , not only on the Fermi arc) and between surface and bulk states. It gives rise to the surface current and surface dipole layer. Note a peculiar and most likely unique electrodynamics of WSM surface modes: they are supported by a highly anisotropic and gyrotropic surface current and surface dipole layer sitting on top of a highly anisotropic and gyrotropic bulk WSM material.
The surface polaritons excited on WSM surfaces parallel to the x-axis (assuming that the Weyl points are located along k x ) can be supported by both bulk and surface electron states.
However, in the quasielectrostatic approximation ck ω the SPs are highly localized and the surface states make a dominant contribution to the SP dispersion and radiation pattern [10] . Here k is the magnitude of the SP wavevector in the z = 0 plane. Below we outline the calculation of the SP dispersion, energy flux, and radiation patterns generated by the tip. The detailed derivation is in the Supplemental Material below.
where r = (x, y). The point source approximation is valid if the tip apex radius and its distance to the surface are smaller than the exponential extent of the excitation field. Our case is borderline as these scales are actually of the same order, but we will still assume a point source for simplicity. One can always generalize the analysis for any spatial distribution of the excitation specific to a given experiment. The corresponding external current is j e ω (r) = −iωpδ (r). Within the quasielectrostatic approximation the electric field of SPs can be defined through the scalar potential: E = −∇Φ, where
Outside the surface, Φ ω is described by the Poisson equation at z > 0 (in the air or an ambient medium), ∇ 2 Φ ω = 0, and Gauss's law in the bulk WSM at z < 0:
We assume that the medium above the surface is described by an isotropic dielectric constant ε up . Then, the boundary conditions yield
where ρ S is the surface charge due to surface electron states and an external source; j The equations for the scalar potential can be solved by expansion over spatial harmonics in the (x, y) plane:
Here j
A surface dipole layer is formed at the boundary between the two media. Its dipole moment is oriented along the normal to the surface, with the space-time Fourier components related to the z-component of the surface current density:
The sum of an external and induced dipole creates a jump in the scalar potential Φ (z),
The solution for the SP field evanescent in ±z direction is
Here the spatial harmonics of the potential satisfy algebraic equations
and the decay constants κ up,W can be found from
In the absence of an external dipole, Eqs. (25, 26) give the dispersion equation for SPs D (ω, φ, k) = 0 (see [10? ] for an explicit expression).
The space-dependent expressions for the scalar potential on both sides of the surface are obtained by taking the Fourier transform from (k, φ) to (x, y) = (r cos θ, r sin θ). The 2D integrals in momentum space are calculated by series expansion in terms of Bessel functions and using the integral identity for Bessel functions derived in the Supplemental Material.
In the far-field zone of the tip, the scalar potential scales with distance as These plots and all plots below were calculated for a vertical dipole orientation. In this case the excitation itself is isotropic in the plane (no θ dependence) and therefore all anisotropy comes from the properties of topological bulk and surface electron states.
The conductivity tensors used in all plots were calculated assuming strongly disordered samples with high SP decay rate γ = 10 meV. In this case SPs have a low Q-factor: the imaginary part of the wave vector is only a few times lower than the real part. Obviously, in higher quality samples one should expect longer-lived SP excitations with longer propagating lengths, at least at frequencies lower than the Fermi energy-dependent interband transition cutoff determined by the Pauli blocking. We also assumed the background bulk dielectric constant ε b = 10.
If the contribution of surface conductivity were ignored and only the bulk carriers were taken into account, the SPs would have no dispersion at all: their frequency would depend only on the propagation angle but not on the magnitude of the wave vector [10? ]. Moreover, bulk electron states would support surface EM modes only below the plasma resonance, when the real part of the diagonal components of the bulk dielectric tensor is negative enough. For Fig. 2a , the plasma resonance is around 50 meV [10] . SP modes plotted in Fig. 2a show a very strong dispersion in every direction and exist way beyond 50 meV.
Therefore they are supported by "Fermi arc" surface electron states via surface current sheet and surface dipole that they create in response to the field, with bulk WSM serving mainly as a dielectric substrate. That is why the surface polaritons is a more appropriate term for these surface modes than surface plasmon-polaritons that would exist at low frequencies below plasma resonance.
Note strong anisotropy of the wavevector and its extreme sensitivity to the relative values of frequency, Fermi momentum, and Weyl node separation in momentum space. Note also that all plots are symmetric with respect to the y-axis, which is perpendicular to the gyrotropy axis x. Similar behavior is found in the Poynting flux radiation patterns in Fig. 3 .
It can be interpreted as the realization of the optical Hall effect. Indeed the symmetry properties of the optical response of the system are determined by the polar symmetry axis vector a = n × b, where the axial gyrotropy vector b x 0 and the polar vector n ẑ 0 is the normal to the surface, so that a ŷ 0 . This is in analogy with the Hall effect in which the current direction is determined by the cross product of the axial gyrotropy vector of the magnetic field and the polar vector of the electric field.
To calculate the Poynting flux in a SP wave, we need to go beyond electrostatic approxi- yy element related to free-carrier motion of surface electron states with dispersion E =hv F k y [10] . Note also strong enhancement of the Poynting flux at high frequencies around 100 meV due to an increase in the wavenumber k ω (θ) and magnitude of the conductivity tensor associated with interband transitions; see the conductivity spectra in [10] . Since the surface states exist only at electron momenta k 
SUPPLEMENTAL MATERIAL
On WSM surfaces parallel to the x-axis (assuming that the Weyl points are located along k x ) the SPPs polaritons can be supported by both bulk and surface electron states. However, in the quasielectrostatic approximation ck ω the SPPs are highly localized and the surface states make a dominant contribution to the SPP dispersion and radiation pattern [10] . Here k is the magnitude of the SPP wavevector in the z = 0 plane.
We model the nanotip-induced excitation source of SPPs as an external point dipole,
where r = (x, y). The corresponding external current is j e ω (r) = −iωpδ (r). Within the quasielectrostatic approximation the electric field of SPPs can be defined through the scalar potential: E = −∇Φ, where
Outside the surface, Φ ω is described by the Poisson equation at z > 0 (in the air or an ambient medium):
and Gauss's law inside the WSM at z < 0:
which can be expanded in components as
where ρ S is the surface charge due to surface electron states and an external source; j A surface dipole layer is formed at the boundary between the two media. Its dipole moment is oriented along the normal to the surface,
where the space-time Fourier components can be related to the z-component of the surface current density,
The total surface current, j 
The solution for the SPP field evanescent in ±z direction is
where g = 4πσ B yz ω and the decay constants κ up,W can be found from Eqs. (15), (16):
This formalism allows one to add spatial dispersion of the conductivityσ S (ω, k) andε (ω, k) if needed, but we will ignore it below.
In the absence of an external dipole, Eqs. (25, 26) give the dispersion equation for SPPs derived in [10] ,
where
and
Note that Σ = 0 if the surface terms are neglected. Therefore, D (ω, φ) = 0 is the dispersion equation of SPPs supported by bulk electron states only. Such modes would have no dispersion since D (ω, φ) does not depend on the SPP wavenumber. Moreover, bulk states would support surface modes only below the plasma resonance, when the real part of the diagonal components of the bulk dielectric tensor is negative enough. Forhv F k F = 50 meV, the plasma resonance is around 50 meV [10] . SPP modes plotted in Fig. 2 of the main paper show a very strong dispersion in every direction and exist way beyond 50 meV. Therefore they are supported by surface electron states, with bulk WSM serving mainly as a dielectric substrate.
Including an external source, Eqs. (25), (26) give the Fourier amplitudes of the scalar potential in both half-spaces:
εxx cos 2 φ+εyy sin 2 φ εzz
Then the spatial field distributions on both sides of the interface can be obtained from 
where (r, θ) are polar coordinates in real 2D space and we introduced the shortcut notation 
In the second line of Eq. (32) we also introduced the solution to the dispersion equation for SPPs, Eq. (27) in terms of the real and imaginary parts of the SPP wave number, k ω (φ) and η ω (φ). We will also assume for simplicity that the SPP dissipation is sufficiently weak so that the real part of the solution can be found from ReD (ω, φ, k ω (φ)) ≈ 0,
whereas the imaginary part of the SPP wavenumber can be calculated as
∂ReD(ω,φ,kω) ∂k k=kω(φ)
.
The explicit expression for the SPP wavenumber is 
which gives
This integral can be calculated analytically in the far zone of the source dipole, i.e. at large kr 1. In this case the Bessel Functions in Eq. (38) oscillate much faster than other k-dependent terms in the numerator, so we can take H (ω, φ, k) out of the integral over dk and replace k with k ω (φ) in its argument. After that, the integral over dk can be evaluated using the following integral identity for Bessel functions:
